Abstract. In this article we obtain quasiconformal extensions of some classes of conformal maps defined either on the unit disc or on the exterior of it onto the extended complex plane. Some of these extensions have been obtained by constructing suitable Loewner chains and others have been obtained by applying a well-known result.
Introduction
In 1923 Loewner developed a theory to represent conformal maps parametricallyknown as Loewner Theory. Later this theory was developed by Kufarev and Pommerenke. It describes a family of time parameterized conformal maps defined on the unit disc D := {z ∈ C : |z| < 1} (here and hereafter C denotes the complex plane) whose images are simply connected domains continuously increasing with time. Let f t (z) = f (z, t) = e t z + ∞ n=2 a n (t)z n be a function defined on D × [0, ∞) where z ∈ D and t ∈ [0, ∞). Such a function f t (z) is called a Loewner chain if f t (z) is analytic and univalent in D for each fixed t ∈ [0, ∞) and satisfies f s (D) f t (D) for 0 ≤ s < t < ∞. In 1965, Pommerenke (see [22, Theorem 6.2] ) proved the following necessary and sufficient condition for Loewner chain.
Theorem A. Let 0 < r 0 ≤ 1 and D r 0 = {z : |z| < r 0 }. The function f (z, t) = e t z + ∞ n=2 a n (t)z n defined on
) is a Loewner chain if and only if the following two conditions are satisfied :
(i) f (z, t) is analytic in z ∈ D r 0 , for each t ∈ [0, ∞), absolutely continuous in t for each z ∈ D r 0 and satisfies
where K 0 is a positive constant. (ii) There exists a function p(z, t) analytic in z ∈ D, for each t and measurable in t for each z ∈ D, satisfying Re p(z, t) > 0, for all z ∈ D and t ∈ [0, ∞), such that (1.1)ḟ (z, t) = zf ′ (z, t)p(z, t), z ∈ D r 0 , a.e. t ∈ [0, ∞), whereḟ = ∂f /∂t and f ′ = ∂f /∂z.
The partial differential equation (1.1) is known as Loewner-Kufarev PDE and the function p(z, t) is called Herglotz function. Here we mention that the term e t = f ′ (0, t) may be replaced by any complex valued function a 1 (t) = 0 such that it is locally absolutely continuous on [0, ∞) and lim t→∞ |a 1 (t)| = ∞ (see [12, Theorem A ′ ]). In this case, the inequality in the first condition of Theorem A will be replaced by |f (z, t)| ≤ K 0 |a 1 (t)| for all z ∈ D r 0 and t ∈ [0, ∞). The Loewner chain f (z, t) with a 1 (t) = e t is called standard Loewner chain. The method of Loewner chain plays a central role in the de Brange's proof of famous Bieberbach conjecture. This method also solves many important problems in univalent function theory which was not accessible by other existing methods. The theory of Loewner chain has recently been developed in many other directions which include a new innate approach suggested by Bracci, Contreras and Daz-Madrigal ( [8] , [9] ) and the Schramm's stochastic version of the Loewner differential equation ([23] ). Another important aspect of Loewner theory lies in quasiconformal extension of conformal maps defined on D, to the Riemann Sphere C = C ∪ {∞}, which was found by Becker in 1972. In this article our interest lies in the later one.
A sense preserving homeomorphism f : C → C is called a k-quasiconformal mapping if it belongs to the Sobolev space W 1,2 loc ( C) and satisfies the inequality |fz| ≤ k|f z | a.e., for some k ∈ [0, 1), where fz := ∂f /∂z and f z := ∂f /∂z. The quantity µ f := fz/f z is called complex dilatation of f . We mention here that such a function f is also called K-quasiconformal in the literature, where K = (1 + k)/(1 − k) ≥ 1. Let f be a conformal map defined on a domain Ω ⊂ C. We say that f : Ω → C has a k-quasiconformal extension onto C or onto C, if there exists a k-quasiconformal mapping F : C → C, or F : C → C respectively, such that F | Ω = f . By the removability property of quasiconformal mappings (see f.i. [17, p. 45] ), it follows that a function f : Ω → C is k-quasiconformally extendible to C if and only if it admits a k-quasiconformal extension F onto C with F (∞) = ∞. Normalized holomorphic maps defined on D having quasiconformal extension to C play a very important role in Teichmüller theory as they can be identified with the elements of the universal Teichmüller space (see e.g. [18, chap. III] 
Then for each t ≥ 0 the function f t admits a k-quasiconformal extension onto C and such an extension for f 0 is given by
which fixes infinity i.e. F (∞) = ∞, where D * = {z : |z| ≥ 1}.
If f (z, t) be a Loewner chain with the complex first coefficient a 1 (t), then also Theorem B is valid (see f.i. [12, Theorem C ′ ]). Many sufficient conditions for univalence and quasiconformal extensibility have been proved using Theorem B together with the Pommerenke's criteria (Theorem A) for Loewner chain. Quasiconformal extension criteria for starlike, convex, close-to-convex, spirallike and Bazilevič functions have been found by this technique where one can easily obtain explicit extended quasiconformal maps from the suitable Loewner chains, which is the main advantage of this method (compare [4, 11, 12] ). Now we introduce some important classes of univalent functions which are extensively studied in geometric function theory. Let A be the class of analytic functions defined on D with the conditions f (0) = 0 = f ′ (0) − 1 and S be the class of univalent functions in A. Thus each f ∈ S has the following Taylor expansion about the origin
Let S k denote the class of functions in S which have k-quasiconformal extension onto C. Finding sufficient conditions for a function f ∈ A to be univalent is a fundamental problem in univalent function theory. We first mention here one of such conditions proved by X. Huang ([14] ). Later, Huang and Owa ([15, Theorem 2]) proved similar type of condition for quasiconformal extensions. We state these results below combining both of them.
,
, then f ∈ S k and has the following k-quasiconformal extension onto C :
Next we consider the class U λ which consists of functions f ∈ A satisfying the condition |U f (z)| < λ, where λ ∈ (0, 1] and
It is well known that U λ S (see [21, Theorem 2] ). Here we urge the readers to go through the articles [19, 20] and references therein for a detailed study about this class of function. In this article we will discuss about quasiconformal extension of each f ∈ U λ for which U f (z) ≡ 0 using Theorem C. Now we consider the class of meromorphic functions defined on D where the functions have pole at some nonzero point p ∈ (0, 1). Let A(p) denote the class of meromorphic functions f that are analytic in D \ {p}, possessing a simple pole only at z = p with nonzero residue m normalized by the conditions f (0) = 0 = f ′ (0) − 1. Let S(p) := {f ∈ A(p) : f is univalent in D}. Each function f ∈ A(p) has the following Taylor expansion about the origin
where D p = {z : |z| < p}. An important subclass of S(p) denoted by V p (λ) has recently been introduced in [6] (see also [5] ). This class can be thought as the meromorphic analogue of the class U λ . We define it as below :
It is proved in [6] that V p (λ) S(p). Likewise for functions in the class U λ , we shall also discuss quasiconformal extension of functions in V p (λ). Let M be the class of meromorphic functions defined on D * = {z : |z| > 1}, such that each function g ∈ M is analytic in D * except for a simple pole at ζ = ∞ with g ′ (∞) = 1 and has the following expansion
Let Σ be the class of univalent functions in M and Σ k be the class of functions in Σ which have k-quasiconformal extension onto C. Aksentév ([1]) proved a sufficient condition for univalence for a function in M, which states that if g ∈ M and satisfies |g ′ (ζ)−1| ≤ 1, for ζ ∈ D * , then g is univalent. As for any f ∈ A the function g(ζ) :
Thus the condition |U f (z)| < λ yields univalence of f by Aksentév's result. In ([16, Corollary 2]), Krzyż proved a sufficient condition for quasiconformal extension related to this Aksentév's criteria. Indeed, he proved that if g ∈ M and satisfies |g ′ (z)| ≤ k, for some k ∈ (0, 1), then g has k-quasiconformal extension onto C. As a corollary of this theorem he obtained the previous result. In this article, we give an alternative proof of the above theorem by modifying the Loewner chain constructed by Becker in [4] .
We organize the results obtained in this article as follows. In Theorem 1, we first prove a result concerning quasiconformal extension of functions in the class U λ . We also give an independent proof of the above fact in Theorem 2 by constructing a suitable Loewner chain. Next we establish quasiconformal extensibility of functions belonging to the class V p (λ). This is the content of Theorem 3. In Theorem 4, we prove that the condition |U g (ζ)| < k, k ∈ (0, 1) is sufficient for k-quasiconformal extension of a function g ∈ M. We also give a sufficient condition for a function in M to belong to the class Σ k in Corollary 1 and for a function in A to belong to the class S k in Theorem 5. Finally, in Theorem 6 we give an alternative proof of the Krzyż's result, described above by constructing a suitable Loewner chain.
Main Results
We start the section with quasiconformal extensibility of functions belonging to the class U λ . Theorem 1. Each function f ∈ U λ having expansion of the form (1.3) with U f ≡ 0, where λ ∈ (0, 1) has λ-quasiconformal extension onto the extended complex plane C. The explicit extension is given by (1.4) . If f ∈ U λ with U f (z) ≡ 0, then f has |a 2 |-quasiconformal extension (a 2 ∈ D \ {0}) onto C of the form
Proof. Case 1 : (f ∈ U λ and U f (z) ≡ 0) As f ∈ U λ , we have |U f (z)| < λ for z ∈ D. Now we see that this inequality may be replaced by |U f (z)| ≤ λ|z| 2 since the inequalities |U f (z)| < 1 and |U f (z)| ≤ |z| 2 , for z ∈ D are equivalent. To prove this we observe that the analytic function U f (z) satisfies the condition U f (0) = 0 = U ′ f (0). Now if |U f (z)| < 1, then by the Schwarz lemma, we have |U f (z)| ≤ |z| 2 . The other way implication is trivial. Next we observe that if f ∈ A having an expansion of the form (1.3), then the function z/f (z) is non vanishing and analytic in D with (z/f (z)) z=0 = 1. Hence it has an expansion of the form
where b 1 = −a 2 = −f ′′ (0)/2. Thus, each f ∈ A can be written of the form
where φ is defined in Theorem C. Next it is easy to see that if f ∈ A, then the conditions |U f (z)| ≤ λ|z| 2 and |(φ(z)/z) ′ | ≤ λ for z ∈ D are equivalent. Indeed, if f ∈ A is of the form (2.3), then φ can be written in terms of f as, φ(z) = z/f (z) + a 2 z − 1. Thus
Therefore, each f ∈ U λ can be expressed as
Thus by an application of Theorem C, we conclude that each f ∈ U λ for which U f (z) ≡ 0, can be extended to a λ-quasiconformal map onto the extended plane C of the form (1.4).
Case 2 : (f ∈ U λ and U f (z) ≡ 0)
In this case, we observe that whenever f (z) = z/(1 − a 2 z + φ(z)) ∈ U λ , then U f (z) ≡ 0 if and only if (φ(z)/z) ′ ≡ 0, and hence φ(z) = cz for some constant c. Since φ(0) = 0 = φ ′ (0), we must have φ(z) ≡ 0. Thus f has the form as f (z) = z/(1 − a 2 z) with |a 2 | ≤ 1. Consequently, f must be a convex univalent mapping. Now considering the following Loewner chain
for convex map (compare [11, Theorem 1]), we conclude that each f ∈ U λ for which U f ≡ 0, has |a 2 |-quasiconformal extension (0 < |a 2 | < 1) onto C and the extended map is explicitly given by (2.1).
Remark. Here we note that F (1/a 2 ) = ∞ and F (∞) = −1/a 2 . A little computation yields that for r ≥ 1, the dilatation of F satisfies
.
We explain the Theorem 1 by giving an example below : Example 2.1. Let us consider the function f λ ∈ U λ , λ ∈ (0, 1) defined by
which play an important role in the study of the class U λ (see [20] and the references therein). Here a 2 = (1 + λ)e iθ and φ(z) = λe 2iθ z 2 . Therefore the λ-quasiconformal extension of f λ follows from Theorem C and is given below :
In the next theorem we give an alternative proof of quasiconformal extensibility of a function f ∈ U λ for which f ′′ (0) = 0 by constructing suitable Loewner chain.
Theorem 2. Each function f ∈ A of the form (1.3) with a 2 = 0 that satisfies the condition
where 0 < λ < 1, has λ-quasiconformal extension onto the extended plane C. The extended function is given explicitly as
Proof. We consider the following function
Using Theorem A, we wish to show that f (z, t) is a Loewner chain. We first note that f 0 (z) = f (z, 0) = f (z). It is easy to see that f (0, t) = 0 and f ′ (0, t) = lim z→0 f ′ (z, t) = e t for all t ≥ 0. Since f ∈ A has an expansion of the form (1.3) and by the hypothesis a 2 = 0, therefore we get
Hence there exists a positive constant r 0 ∈ (0, 1) such that the function f t (z) := f (z, t) is analytic in z ∈ D r 0 for all t ≥ 0. Now it is clear that f (z, t) is absolutely continuous in t for each z ∈ D r 0 . From (2.7), we see that
locally uniformly in z-variable. Hence the family {e −t f (z, t)} t≥0 is a normal family. Therefore there exists a positive constant K 0 such that |f (z, t)| ≤ K 0 e t for all z ∈ D r 0 and t ∈ [0, ∞). Thus the first condition of Theorem A is satisfied. Next we see that a little calculation yields
We now show that the function p(z, t) is analytic in D. Indeed, if the denominator of the last term in (2.8) vanishes for a point z 0 ∈ D and t ∈ [0, ∞), then by the given condition we have
which gives |z 0 | ≥ 1 -a contradiction. Thus p(z, t) is analytic in D and p(0, t) = 1. Now by the hypothesis we get from (2.8) that
which implies Re p(z, t) > 0. Lastly it is obvious that p(z, t) is measurable in t for each fixed z. From the above discussion it is clear that all the conditions in Theorem A are satisfied and hence f (z, t) defined in (2.6) is a Loewner chain. Thus for each t ≥ 0 the functions f t are univalent in D and hence in particular f 0 = f is univalent. Again as |U f (z)| ≤ λ|z| 2 , (which implies f ∈ U λ ) then from the equation (2.9) we get p(z, t) ∈ D(λ) = {w : |w − 1|/|w + 1| ≤ λ}.
As D(λ) is contained properly in the right half plane, f (z, t) is a Loewner chain which satisfies the conditions of Theorem B. Thus we conclude that each function f (= f 0 ) in U λ with a 2 = 0, (except the identity map) has λ-quasiconformal extension to the whole plane and from (1.2) we get the extended map explicitly which is described in (2.5).
Next we explain the Theorem 2 through the following example, where f ∈ U(λ) with a 2 := f ′′ (0)/2 = 0.
For this function a 2 = 0 and U f (z) = −λz 2 and hence f ∈ U λ . The following λ-quasiconformal extension of f can be deduced from (2.5):
Remark. Next we obtain quasiconformal extension for functions belonging to the class V p (λ) :
Theorem 3. Each function f ∈ V p (λ), 0 < λ < 1, having the expansion of the form (1.5) with U f (z) ≡ 0, has λ-quasiconformal extension onto C, and is given by (1.4).
Proof. We follow the lines of proof of Theorem 1. If f ∈ A(p) with the expansion (1.5) then the function z/f (z) is analytic in D, non vanishing in D \ {p} and hence it has an expansion of the form (2.2). Thus each f ∈ A(p) also can be expressed of the form (2.3) with φ(p) = a 2 p − 1. Now it is easy to see that the conditions |U f (z)| ≤ λ|z| 2 (which implies f ∈ V p (λ)) and |(φ(z)/z) ′ | ≤ λ, for z ∈ D are equivalent. Hence using Theorem C we obtain λ-quasiconformal extension of functions in V p (λ) for which U f (z) ≡ 0 and the extended function has the form given by (1.4). , z ∈ D.
locally uniformly in z-variable. Hence the family {e −t f (z, t)} t≥0 is a normal family. Therefore there exists a positive constant K 0 such that |f (z, t)| ≤ K 0 e t for all z ∈ D r 0 and t ∈ [0, ∞). Next a computation yields that
